Abstract. We construct Calabi-Yau threefolds defined over Q via quotients of abelian threefolds, and reverify the rigid Calabi-Yau threefolds in this construction are modular by explicitly computing their L-series without [12] . We compute the intermediate Jacobians of the rigid Calabi-Yau threefolds as complex tori, then compute a Q-structure for the 1-torus given a Q-structure on the rigid Calabi-Yau threefolds, and verify a conjecture of Yui about the relation between the L-series of the rigid Calabi-Yau threefolds and the L-series of their intermediate Jacobians.
Introduction
Associated to any smooth projective variety, the intermediate Jacobian varieties generalize Jacobian varieties of curves. For X an n-dimensional complex variety we define the (Griffiths) intermediate Jacobians of X to be the varieties
where the quotient involves only the torsion free part of H 2k+1 (X, Z) and F k+1 is the (k + 1)-th level in the Hodge filtration, i.e.,
H p,q (X).
Thus, for a curve C, the only intermediate Jacobian is J 1 (C), which is the Jacobian variety of the curve. We will be interested mostly in Calabi-Yau varieties, so for the one-dimensional case we have elliptic curves which are known to be isomorphic to their (intermediate) Jacobians, and these are all the possibilities. For two dimensional examples one has K3 surfaces which have trivial first and third cohomology, hence no-nontrivial intermediate Jacobians, and so our focus will be with Calabi-Yau threefolds. Here the only non-trivial intermediate Jacobian is
Not much is known about these varieties, even when focusing only on Calabi-Yau threefolds. As complex varieties one has e.g., [2] , [23] and [25] , as well as an interest in the physics literature including [3] , [7] and [16] . As X is Kähler we have that the intermediate Jacobian is a complex torus of dimension 1 + h 1,2 (X). Thus, when X is rigid, J 2 (X) is a 1-torus, possibly with a canonical structure of an elliptic curve. The work to date studies the geometry of J(X), i.e., the complex structure, but not much is known, including simply how to compute the tori in most cases. As intermediate Jacobians generalize the classical Jacobian variety of a curve as well as the Picard varieties and Albanese varieties of any n-dimensional varieties, it is natural to ask if one can study arithmetic on all intermediate Jacobians by finding a canonical Q-structure when X is defined over Q. All of our examples of Calabi-Yau threefolds will be defined over Q, but one can similarly try to associate a canonical K-structure for any number field K if X is defined over K instead. We will construct some rigid Calabi-Yau threefolds in which we are able to compute their intermediate Jacobians as complex varieties, and then refine this computation to give a canonical Q-structure as well, given a choice of model over Q for the Calabi-Yau threefolds.
Shafarevich conjectures that every variety of CM-type (meaning its Hodge group is abelian) has the Lfunction of a Grossencharacter and Borcea shows that a rigid Calabi-Yau threefold with CM-type has a CM elliptic curve as its intermediate Jacobian, which is well known to have a Hecke L-function. If the conjecture Crepant resolutions of the respective quotients are Calabi-Yau threefolds with Hodge numbers h 1,1 ( E 3 6 /G 6 ) = 84, h 2,1 ( E 3 6 /G 6 ) = 0, h 1,1 ( E 3 6 /H 6 ) = 84, h 2,1 ( E 3 6 /H 6 ) = 0, h 1,1 ( E 3 6 /I 6 ) = 73, h 2,1 ( E 3 6 /I 6 ) = 1, h 1,1 ( E 3 6 /J 6 ) = 51, h 2,1 ( E 3 6 /J 6 ) = 3, h 1,1 ( E 3 6 /K 6 ) = 51, h 2,1 ( E 3 6 /K 6 ) = 3,
The example using G 6 was studied in [6] , while all of the Hodge numbers using G 6 , H 6 , L 6 and M 6 can be found in [8] as well as references therein. The pair (h 1,1 , h 2,1 ) = (73, 1) can be found in [10] and [13] , and a large set of pairs from a toric construction including (35, 11), (29, 5) can be found in [13] . Lastly, as mentioned above, the pair (51,3) is the original Borcea construction [5] . These exhaust all the Calabi-Yau threefolds one can obtain from this construction, up to isomorphism, noting that any subgroup of G 6 ≃ (Z/6Z) × (Z/6Z) is isomorphic to one of the above subgroups, or the quotient is not a Calabi-Yau threefold.
Remark. While the rigid examples cannot have Calabi-Yau mirror partners, all of the non-rigid examples have (topological) mirrors that have been constructed in the literature. All mirror pairs except (1, 73) can be found in the toric construction of [13] , while the last mirror can be found in [4] which constructs Calabi-Yau varieties and their mirrors via conifold transitions. It would be interesting to see if there is a relationship between the intermediate Jacobians in a mirror pair.
Proof. As all the examples are similar, we only look at the cyclic example O 6 = ι the blownup P 2 is trivial, we find h 1,1 ( E 3 6 /ι 3 3 ) = 36, and h 2,1 ( E 3 6 /ι 3 3 ) = 0.
Step 2. We now quotient this resolution by (continuous extensions of) the remaining elements in O 6 to see what (1, 1)-classes remain. Note that only 5 classes from the Künneth formula are preserved. Furthermore, the action of id × ι 3 6 × ι 3 6 identifies many of the 27 exceptional divisors from the previous blowup, so that
Step 3. The final resolution is now two separate resolutions. We start with the 3 codimension three subvariety under ι 4 6 × ι 6 × ι 6 , and then the remaining codimension two subvariety from id × ι . This adds classes above each of the six remaining singular points, so our final tally is
Note that in this last resolution the action by id × ι 3 6 × ι 3 6 also gives rise to (2, 1)-classes for each of the new fixed points, so the resolved threefold is not rigid, and we have
Note that for each subgroup H of G 3 , the variety E 3 3 /H is isomorphic to E 3 6 /J for some subgroup J of G 6 , so the above covers all the threefolds that arise using E 3 and subgroups of G 3 as well.
All of these Hodge pairs, except for (36, 0), can be found using a generalization of a construction studied by Borcea [5] and Voisin [22] . For example, with the pair (h 1,1 , h 2,1 ) = (29, 5) we can look at the the action of
first as a "birational Kummer construction" taking the quotient of E , and then noting the induced action of ι 4 6 × ι 6 × ι 6 is simply ι 3 × ι 3 × ι 3 which is a generalized Borcea-Voisin threefold. See [10] . Similarly, one can find the Calabi-Yau threefolds using this construction with E 
Remark. Again, this exhausts all the possible Calabi-Yau threefolds arising from this generalized Borcea/Kummer construction with E 4 , noting that any subgroup of
) is isomorphic to one of the above groups, or a crepant resolution of the quotient is not Calabi-Yau.
Proof. The main difference with the E 3 6 construction above is that instead of combining the automorphisms of order 2 and 3, we now have the fixed points satisfying
4 . The example with G 4 is seen in [6] , while H 4 is studied in [10] as a generalized Borcea-Voisin construction, and I 4 is the Borcea construction again, so we focus on the cyclic example with J 4 . Set
, and, extending the actions continuously when appropriate, the diagram 
The quotient by ι 4 × ι 4 × ι 2 4 removes all the (2, 1)-classes as each of the corresponding elliptic surfaces is no longer fixed. Only the four 2-torsion points (as well as their exceptional divisors) on four of those divisors remain, and so, noting all but one of the (2, 1)-classes from the Künneth component are no longer fixed, we get another 16 exceptional projective lines, so find the desired Hodge numbers.
Remark. The Hodge pairs (90, 0) and (61, 1) can again be found in [10] while (61, 1) also arises in a toric construction in [13] , and the Borcea example with (51, 3) completing the list once more.
Modularity
We say a variety X/Q of dimension d is modular if its L-function, the L-function of the d-th ℓ-adic cohomology of X is (up to the bad primes) the L-function of a newform f = a n q n of weight d + 1 on Γ 0 (N ) for some N , where a newform here is taken to mean a normalized (a 1 = 1) eigenform on Γ 0 (N ) that is not induced by a cusp form on Γ 0 (N ′ ) for any smaller N ′ | N . We say the newform f has CM by a quadratic number field K if a n = ϕ K (n)a n for all n where ϕ K is the non-trivial Dirichlet character associated to K.
All rigid Calabi-Yau threefolds defined over Q are modular by [12] , in particular, all of the rigid Calabi-Yau threefolds in our construction. One can use Serre's criterion to determine the associated newforms (hence L-functions) but we will be able to show this without the a priori knowledge of modularity, by computing the L-functions via a method shown to us by Hector Pasten [17] , taking advantage of the elliptic curves/abelian threefold structure of our threefolds.
We will need one lemma about Hecke characters of imaginary quadratic number fields before approaching this computation, and for the convenience of the reader, we recall some basic facts about these characters. We associate to any pair (K, m), where K is a quadratic imaginary number field and m is an ideal of K, a Hecke character χ of modulus m and infinite type c given by the homomorphism χ : I m → C × on fractional ideals of K relatively prime to m given by setting
for all a ∈ K × with a ≡ 1 (mod m). For any fractional ideal not coprime to m we define χ to be 0. The L-function of χ is given by the product over all prime ideals p of K
where N (p) is the norm of p.
Lemma 4 ([9] lemma 4.2).
Let ψ be a Hecke character of an imaginary quadratic field K and suppose its associated newform f ψ has trivial Nebentypus. Suppose that we have Fourier q-expansions
Remark. In general one has a decomposition of the space of weight k cusp forms on Γ 1 (N ) over the Nebentypus characters ǫ modulo N ,
but in our case all our newforms have real coefficients, and we will only be interested in weight 2 or 4 newforms, so by [20] Corollary II.1.2 there is only trivial Nebentypus. Hence S k (Γ 1 (N )) = S k (Γ 0 (N )) in our case and the above lemma will apply.
We are now able to give a nice description of the modular forms associated to our rigid Calabi-Yau threefolds using the arithmetic of the underlying elliptic curves in the construction. For this we need to fix models of our elliptic curves over Q, and their respective automorphisms. We fix the affine models . Hence, each of the threefolds in this construction is defined over Q, as one can check the subgroups in Theorems 2 and 3 all act with G Q := Gal(Q/Q) invariant orbits. We may thus compute their L-functions and explicitly show modularity.
3 ) where χ 3 is the Hecke character of E 3 , i.e., such that
Proof. As seen above, we have
The Künneth formula gives
which is 2-dimensional. To be explicit, we will study the Galois representation on
where For any σ ∈ G Q , and any (x, y) ∈ E 3 (Q), we have
and so 
-eigenvector, and v, w form a basis again, so that the action is given by
, we know the pure tensors v ⊗ v ⊗ v and w ⊗ w ⊗ w are fixed by H, and span V , hence form a basis. If we denote the Galois representation by
then we have two possibilities for ρ 3 (Frob p ). If χ(Frob p ) = 1, the action of ρ(Frob p ) is given by the matrix
and Lemma 4 completes the proof.
The main interesting piece of arithmetic that comes from working over Q instead of C is that our elliptic curves are no longer unique up to isomorphism, and we can investigate what occurs if we pick another model. Using twists of the elliptic curves and proceeding with the construction, we get an appropriate twist of the L-function of the threefold. In this sense, this defines twists of our threefolds, as in [11] . If we denote by
the action of Frobenius on E 3 (D) is the action of the Frobenius on E 3 twisted by ψ D , the non-trivial quadratic Dirichlet character of Q( √ D), so on the crepant resolution of
In a similar fashion, we define the twist
where χ 4 is the Hecke character such that 
where χ is the non-trivial Dirichlet character on Q(i). With a little adjustment to the action on the Tate module of E 3 we can find the L-function associated to the rest of the constructions of rigid Calabi-Yau threefolds using the automorphism of order 6 on E 3 . (Which reproves Theorem 6.) Theorem 8. Let J be a subgroup of G 6 such that a crepant resolution of E D 1 D 2 D 3 ), s) = L(s, χ 6 ).
Intermediate Jacobians
In this section we compute the intermediate Jacobians of the rigid Calabi-Yau threefolds described above. The method is to reconstruct the torus structure from a suitable quotient of cohomology groups, extending Roan's work on Kummer threefolds in [19] . We then analyze the construction of the intermediate Jacobians as complex varieties more closely to determine a model defined over Q in each case.
4.1. Complex torus structure. For any τ = α + βi in the upper half plane we have the elliptic curve E τ = C/ 1, τ with uniformizing parameter z = x + iy. Thus, E i = E 4 and E ζ = E 3 where ζ = e 2πi/3 . Translations by 1, τ in C give rise to a basis e, f ∈ H 1 (E τ , Z) so that
where ∂ x and ∂ y are a basis for H 1 (E, C) corresonding to the uniformizing parameter. Taking duals in cohomology then gives a basis e * , f
where dz = dx + idy is a holomorphic 1-form on E τ . We can rearrange the expressions above to find that
and so using dz/2 as a generator for H 0,1 (E τ ) we have
Applying the homothety given by multiplication by β/i we have
To mimic this procedure for the intermediate Jacobians of our rigid Calabi-Yau threefolds we need to find a basis for the integral cohomology and find a period relation with a basis for the complex cohomology.
As
Gτ , we may start with the simpler
be uniformizing coordinates for E 3 τ , with z k = x k + iy k corresponding to the k-th coordinate. Let {e k , f k } be a basis for H 1 (E τ , Z) for k = 1, 2, 3, with dual bases e * k , f * k . This naturally gives bases for both the homology H 3 (E 3 τ , Z) and the cohomology H 3 (E 3 τ , Z), with the relations
for each k. The holomorphic threeform Ω = dz 1 ∧ dz 2 ∧ dz 3 can be written using the dual basis to give the desired period relation for the intermediate Jacobian. Indeed, as
we may write Ω = Re(Ω) + i Im(Ω), and have
, and
We can now compute the intermediate Jacobians of our rigid Calabi-Yau threefolds. We start with the simpler case of X 4 , a crepant resolution of E 3 4 /G 4 . To compute the intermediate Jacobian of X 4 we have each underlying elliptic curve in the product having complex period τ = i, and so
where Ω 4 ∈ H 3,0 (X 4 ). These give a basis for H 3 (X 4 , C). For the left hand side of the period relation, we choose classes A = Re(Ω 4 ) and B = Im(Ω 4 ) and note that A, B ∈ H 3 (X, Z). We claim this is a basis for
Indeed, suppose we have a basis C, D of H 3 (X 4 , Z). As A, B ∈ H 3 (X 4 , Z) we know there is some matrix M with integral entries so that 
4.2.
Model for the intermediate Jacobian J(X 4 ) over Q. As we are not just interested in the complex torus structure of the intermediate Jacobian, we may not work up to homothety anymore, and we must be more careful in how to recover not just the torus structure from the period relation, but the exact model defined over Q. By the Uniformization Theorem we know for any elliptic curve E = C/Λ, there is a λ ∈ C × such that any particular model of E corresponds uniquely to the torus C/λΛ, the correspondence being
We are interested in using the computation above to recover a particular model, thus suppose we have some E = C/λ 1, τ . Translation by 1 and τ = α + iβ no longer gives a basis of H 1 (E, Z). We now get a basis using translation by λ and λτ . Hence, e * f * λ 0 λα λβ = dx dy and 2λe
Using dz/2 as a basis for H 0,1 (E), like above, gives
which is not C/λΛ, the exact torus we started with. Instead, we must use the basis dz/(2βλ 2 i) so that
Then we have
Thus for any E = C/λ(Z⊕τ Z) we can recover the exact model using the period relation and basis dz/(2βλ 2 i) for H 0,1 (E). In our case of interest with E 4 : y 2 = x 3 − x we have (see [24] ) E 4 = C/λ 1, i with
Remark. We note that λ is transcendental, which may be used to narrow down the possible uniformizing parameters of the intermediate Jacobian, but this will not be required as we will show any scalar multiple of λ will give the desired result.
On the threefold we have
Writing Ω 4 = Re(Ω 4 ) + i Im(Ω 4 ) and using the period relations for each of the underlying E 4 to write these in terms of the e * k and f * k we now have
These classes are no longer integral, but using the classes A, B above we have
To get our model for J(X 4 ) we will use the period relation
From here, noting that τ = α + iβ = i, we wish to recover the correct model of J(X 4 ) by using the method above, i.e., the basis
for H 0,3 (X 4 ). Thus we must write
and so
Remark. We can find a basis for H 0,3 (X 4 ) up to a multiple, and our choice of uniformizing parameter Ω/λ 2 is not necessarily correct, but scaling the uniformizing parameter by C × does not affect the isomorphism class of the elliptic curve over Q, so we may without loss of generality use the uniformizing parameter above. Indeed, going back to the general situation working on an arbitrary elliptic curve will make this clear.
Suppose we have an elliptic curve E = C/λ 1, τ as above, but consider two different uniformizing parameters z = x + iy and w = u + iv where w = γz. Then translations by λ and λτ give the relations
where e, f are a basis for H 1 (E, Z) and g, h are another basis.
As w = γz we may rewrite the second expression as
This means g = γe and h = γf , and so the second expression gives
the same period relation as with uniformizing parameter z. Moreover, for an elliptic curve E with uniformizing parameter z = x + iy, its twist E(D) with D squarefree has uniformizing parameter (up to a multiple) z ′ = x+ iDy in terms of the coordinates on E, and cannot be a scalar multiple unless D = 1.
Putting everything together, we have the following. and hence, if we write
where χ is the Hecke character of E 4 (D), then
In particular, Conjecture 1 is true for X 4 (D). Remark. Again, we have that µ is transcendental, which may narrow the possible uniformizing parameters, but this will not be necessary.
Abusing notation, let z k = x k + iy k be the uniformizing parameter of the k-th elliptic curve on E 3 6 . The period relation for the (complex) intermediate Jacobian of X 6 is
where Ω 6 = dz 1 ∧ dz 2 ∧ dz 3 . This time we find
with integral classes
The method above shows
as complex tori. We can apply the same steps above to moreover get an exact model for J(X 6 ) over Q, and putting everything together we find Theorem 10. Let E 6 (D) be as in Theorem 2 and let X 6 (D) be one of the corresponding rigid Calabi-Yau threefolds. If χ is the Hecke character of
In particular, Conjecture 1 is true for X 6 (D).
Thus, we have verified Yui's conjecture in these cases. As L-functions and cohomology of Calabi-Yau threefolds are birational invariants, any rigid Calabi-Yau threefold birational to X 4 (D) or X 6 (D) for some D also satisfies the conjecture. This Borcea-type construction does not produce any other rigid Calabi-Yau threefolds of CM-type, so we cannot verify the conjecture further. On the other hand, it is entirely possible these are the only rigid Calabi-Yau threefolds of CM-type defined over Q. The Borcea construction with other CM elliptic curves will produce other Calabi-Yau threefolds, but as the CM endomorphisms are not automorphisms in these cases, we cannot do the generalized Borcea construction and may only using involutions which preserve all the (1, 2) and (2, 1) classes. Thus, a quotient by only the involutions gives Calabi-Yau threefolds that are not rigid. Otherwise, we do not know of any other examples of rigid Calabi-Yau threefolds of CM-type. In [21] the Borcea construction is used to find non-rigid Calabi-Yau threefolds of CM-type corresponding to the other CM elliptic curves, and in each case one finds the L-function of a CM-newform dividing the L-function of the non-rigid Calabi-Yau threefold. It may be possible to find a quotient of these non-rigid Calabi-Yau threefolds that is defined over Q, or a rigid Calabi-Yau threefold defined over Q, birational to them which admits a rigid quotient, but this is highly non-trivial.
4.4.
Intermediate Jacobians of higher dimensional Calabi-Yau varieties. The construction of CalabiYau threefolds above generalizes readily to higher dimensional examples, in the spirit of [6] . For j = 4, 6 one may consider an n-fold product
and G j , the maximal group of automorphisms given by products of the form
preserving the holomorphic n-form, i.e., such that a i ≡ 0 (mod j). When n is odd, only the holomorphic and anti-holomorphic n-forms are preserved by the entire group, we can again find, for any fixed n, all subgroups of G j such that a crepant resolution of the quotient by G j is a Calabi-Yau n-fold Z n with h n (Z n ) = 2.
We can repeat the computation of the L-functions, and using the notation above one finds the action of Frobenius on Z n , at good primes p, given by matrices
where
The computation of the middle intermediate Jacobian can also be extended. Again, let the k-th component in the product E n τ have uniformizing parameter z k = x k + iy k , and period τ = α + iβ, such that the period relation
holds. The holomorphic n-form is
Hence, we have
Our particular choices of τ are roots of unity of small order, and we have ζ n ∈ {1, ζ, ζ} so that each of the coefficients of Ω n using E 6 are appropriate combinations of ±1, ± 2 , and i n ∈ {±1, ±i} so that each of the coefficients of Ω n in this case are the appropriate ±1 or ±i. For each of our n-folds there are integral classes A n , B n ∈ H n (Z n , Z) such that
and so the intermediate Jacobian J n−1 (Z n ) ≃ E τ as complex varieties.
Remark. We are interested only in n odd, not only because h n (Z n ) > 2 when n is even, so conjecture 1 is not relevant, but because there is no intermediate Jacobian associated to even cohomology, which is the middle cohomology when n is even.
In the arithmetic setting we now have
In this manner, one could ask for any n odd, if any rigid CM-type Calabi-Yau n-fold Z defined over a number field F , having intermediate Jacobian J n−1 (Z) with CM by a number field K, such that
Remarks on special values of L-functions
With a Q-model of the intermediate Jacobians associated to any Q-model of our rigid Calabi-Yau threefolds, we are able to define the L-functions of both varieties and investigate their behaviour in their critical strips. In particular, does the non-vanishing of one determine the non-vanishing of the other? Does the vanishing of one determine the vanishing of the other?
If χ is a Hecke character of conductor f, there is a primitive character χ f equivalent to χ in the sense that L(s, χ) = L(s, χ f ).
In this section, we will always assume we are dealing with a primitive Hecke character. If This follows by use of the adelic language for Hecke characters and considering local factors as in Tate's thesis. For full details, see Rohrlich's work in [18] .
As the completed L-functions are simply the analytic continuation of the L(s, χ n ) we abuse notation when computing with them, and are interested in computing the central values in the critical strip, namely L(n/2, χ n ).
These can be very difficult to compute exactly, but a method of Waldspurger relates these values to certain half-integral weight modular forms. In this direction, one can show that the critical values L(X 4 (D), s) are determined by certain cusp forms where α, β ∈ C × are related to the real periods of X 4 (D), and
In particular, we see which twists of the Calabi-Yau threefolds have vanishing central critical values and which do not.
